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The shear instability of magnetized, collisional dusty plasma is investigated in the present work. It

is demonstrated that the relative drift between the charged dust and magnetised electrons and ions

which give rise to the Hall effect is crucial to this instability. Although the nature of present shear

instability is similar to the Kelvin-Helmholtz instability, the role of magnetic field in the present

case is important in destabilising waves. The maximum growth rate of the instability is

proportional only to the shear gradient and is independent of the ambient magnetic field strength.

Most unstable wavenumber is a function of ambient dust parameters. VC 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4729729]

I. INTRODUCTION

The simplest description of dusty plasma pertains to

three-component fully ionized plasma consisting of electrons,

ions, and charged dust. This simple picture helps us to under-

stand the collective behaviour in dusty plasmas. Due to strong

difference in the mass and charge between the dust and

plasma particles, dynamics of dusty plasma is quite different

from the ordinary three-component plasma system. The pres-

ence of charged dust not only modifies the collective behavior

but also excites new modes in the plasma. The theoretical

prediction of novel dust-acoustic, dust-ion-acoustic, and dust-

lattice modes have been observed in the laboratory.1,2

In space and astrophysical environment, dusty plasma

is often partially or, weakly ionized multi-component mix-

ture of neutral hydrogen, uncharged, and charged dust

grains along with electrons and ions. Notwithstanding this

important difference in the composition as well as in the

spatial and temporal scale, experiments under controlled

laboratory conditions of fully ionised dusty plasma pro-

vides an ideal test ground to investigate the conditions of

star and planet formations. The dusty plasma experiments

provide the closer examination of the self-organisation and

structure formation in dynamically open systems.3–8

Clearly, investigation of the collective behavior in such a

simplified model provides unprecedented access to the con-

ditions of star and planet formation,9 planetary rings,10 and

Earth’s mesosphere.11

One of the principle difficulties in studying the dynamics

of dusty plasma is related to the non-monochromatic nature of

dust grain’s size, charge, and composition. For example, in

the interstellar medium, one generally finds graphite, silicate,

and metallic dust,12 whereas it is the nano-sized water mole-

cules in the mesosphere of the Earth.13 In the laboratory

experiments, nano-sized particulate powders have been

detected in a number of low-temperature plasmas experiments

for materials synthesis and processing applications. In radio-

frequency (RF) gas discharges, the dust appears in mixtures of

chemically active (reactive) gases that generate electronega-

tive free radicals.14

The charge on the dust in space is determined by the am-

bient radiative environment. For example, in the star forming

molecular clouds and planetary nebula region where cosmic

rays are primary source of charging, both neutral as well as

charged dust is present in the overwhelming neutral environ-

ment.12,15 On the other hand, in controlled laboratory condi-

tions, all grains are charged. The dusty plasmas experiments

reveal novel spatial and temporal scales associated with the

dust charge dynamics.1,2 However, owing to its high-

frequency nature (of the order of megahertz), the charge var-

iation may not be dynamically important to the low-

frequency fluctuations so that taking some average value of

the charge is usually a good approximation.

The large difference in masses in dusty plasma components

(� 10�15 � 10�5 g for micron sized dust and me � 10�27 g,

mi � 10�24 g for plasma components), the dynamics of dusty

plasma has been studied in the past in two different limits. The

first implies dusty particles so heavy that they can be taken as

stationary neutralizing background for the perturbations propa-

gating in the much lighter plasma component. The other limit,

valid for low frequencies includes the dynamics of dust par-

ticles. In either limits, the presence of magnetic field brings

additional complexity to this picture. Due to large mass differ-

ence between the plasma and dust particles, there is compelling

reason to assume relative transverse drift between the plasma

and dust. This relative motion between the lighter, magnetized

component against weakly magnetized or unmagnetized dust

will cause charge separation over Larmor distance. Concomitant

transverse Hall electric field is inevitable in magnetized dusty

plasmas.16

The low frequency waves in the unmagnetized17–19 and

magnetized20–29 dusty plasma have been investigated in the

past. For example, the propagation of Alfvén waves in the

presence of immobile dust has been studied by several

authors.16,28 However, since collision between the charged

and neutral particles in the weakly ionized dusty medium

strongly influences magnetic field diffusion,23,28 one should

expect that such collisions by unfreezing and thus drifting
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the magnetic flux at finite velocity against the sea of neutrals

may open up new channels through which available free

shear energy can flow to the waves resulting in its destabili-

zation. It is well known that even when the magnetic field is

frozen in the electron and ion fluid, and dust only provides

neutralizing background, such a system is linearly unstable

in the presence of inhomogeneities.16 Clearly, it is necessary

to investigate the role of plasma-dust collision and ensuing

magnetic diffusion on the linear stability of the system.

Unlike Ref. 16 where the inhomogeneity of background

magnetic field is responsible for driving the Hall instability,

we shall assume the presence of background shear flow in

the present case.

The physical systems in general are subject to Kelvin-

Helmholtz instability (KHI) in the presence of shear

flows.30 The linear hydrodynamic and hydromagnetic KHI

is almost similar. The analytical as well numerical simula-

tion of KHI in magnetohydrodynamic (MHD) framework is

well known in the literature.31,32 In magnetised, over-

whelmingly neutral astrophysical environment, the investi-

gation of KHI in two fluid (ion and neutrals) framework

suggests that if neutrals are sufficiently decoupled from the

ions, then neutral fluid is unstable while ion fluid remains

glued to the magnetic field. 33 The KHI of a magnetized

three-component plasma consisting of Boltzmannian elec-

trons and ions and charged dust fluid was investigated in

the past.34 Subsequent variation of this model includes the

analysis of KHI in three-fluid plasma consisting of magne-

tized ions, charged dust, and neutral particles.35 However,

the shear flow in a magnetized plasma may also cause new

low frequency instability due to interplay between the finite

Hall drift and shear flow. The relative transverse drift

between the magnetized plasma particles and dust is at the

heart of this instability. In the weakly ionised medium, this

instability is well known.36 Unlike KHI where transverse

magnetic field quenches the growth rate,30 this new, Hall

effect driven shear instability is solely due to the transverse

relative drift of the plasma particles against charged dust

and disappears in the absence of magnetic field.

The present work investigates the shear flow driven

instability in the magnetized collisional dusty plasma.

Although the number of dust particles is generally much

smaller than the number density of the plasma particles in

fully ionized dusty medium, the inertia of bulk fluid will be

due mainly to the dust (which we shall assume micron or

submicron size) since qe � qi � qd (where qj ¼ mj nj is the

mass density with mj as the mass and nj as the number den-

sity of the jth particle). Since focus of the present investiga-

tion is in the low frequency fluctuations, it will be assumed

that the charge on dust is not a dynamical variable but have

some average constant value. The basic set of equations is

discussed in Sec. II. Assuming equality between the electron

and ion bulk velocities, the momentum equations are

reduced to simple one fluid description. The dispersion rela-

tion is derived in Sec. III. It is shown that the most unstable

wavenumber and cut-off wavelength for given dust size is a

function of plasma number density and temperature. In Sec.

IV, possible application of the result is discussed and a brief

summary is presented.

II. BASIC MODEL

The basic set of equations for a three component, colli-

sional, magnetized dusty fluid has been described in the

past37 and thus, we shall only briefly describe them here.

The multi-component dusty plasma consists of electrons,

ions, and charged dust. Following continuity and momentum

equations for respective species with suitable closure model,

viz., an equation of state describes the dynamics of such a

plasma. The continuity equation is

@qj

@t
þr � ðqj vjÞ ¼ 0: (1)

Here qj is the mass density and vj is the velocity and j stands

for electrons, ions, and dust. The electron, ion, and dust mo-

mentum equations are

0 ¼ �rPe � e ne Eþ ve � B

c

� �
� qe �edðve � vdÞ ; (2)

0 ¼ �rPi þ e ni Eþ vi � B

c

� �
� qi �idðvi � vdÞ ; (3)

qd

dvd

dt
¼ �rPd þ Z e nd Eþ vd � B

c

� �
þ
X
j¼e;i

qj �jd ðvj � vdÞ : (4)

The electron and ion inertia has been neglected while writing

Eqs. (2) and (3). This is motivated by the fact that we are inter-

ested in the low frequency fluctuation. Equations (2)–(4) are

closed by assuming an isothermal equation of state Pj ¼ C2
s qj

where Cs ¼
ffiffiffiffiffiffiffiffiffiffiffi
Tj=mj

p
is the sound speed. Equations (2)–(4) on

the right hand side have Lorentz force term with E and B as

the electric and magnetic fields respectively, e is the electric

charge, Z is the number of charge on the grain, c denotes speed

of light, nj is the number density, and �jd ¼ nd <r v>jd is the

collision frequency of the dust with jth species.

We shall define mass density of the bulk fluid as q ¼ qe

þqi þ qd � qd . Then the bulk velocity v ¼ ðqi vi þ qe ve

þqd vdÞ=q � vd. The continuity equation (summing up

Eq. (1)) for the bulk fluid becomes

@q
@t
þr � ðq vÞ ¼ 0: (5)

The momentum equation can be derived by adding Eqs. (2)–(4)

q
dv

dt
¼ �rPþ J� B

c
: (6)

Here P ¼ Pe þ Pi þ Pd is the total pressure. While writing

preceding equation, use has been made of the plasma quasi-

neutrality condition, ne ¼ ni þ Z nd.

Assuming ve ’ vi, relative drift between electrons and

dust velocities with the help of plasma quasi-neutrality

condition can be written in terms of current density

J ¼ e ðni vi � ne ve þ Z nd vdÞ, as ve � vd ’ �J=Z e nd. Tak-

ing curl of electron momentum Eq. (2) and making use of the
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Maxwell’s equation, in �ed � xce limit (where xce ¼ e B=me c
is the electron cyclotron frequency), induction equation can be

written as

@B

@t
¼ r� ðv� BÞ � gH

�
ðr � BÞ � B̂

�h i
; (7)

where B̂ ¼ B=B and gH ¼ c B=4 p Z e nd is the Hall diffu-

sion. Note that while writing above equation, we have

neglected Ohm term since the ratio of Ohm and Hall term is���gH

�
ðr � BÞ � B̂

����
gO jðr � BÞj � xce

�ed

� �
; (8)

where gO ¼ ðc2=4 pÞ ðme �ed=Z e2 ndÞ. Therefore, �ed � xce

implies that Ohm diffusion in the plasma is negligible and

magnetic field is frozen in the electron fluid. Further, we

have also assumed that rPe=e ne term is small in the induc-

tion equation. Taking the ratio of Hall and rPe=e ne terms,

one can show that if vAe=vte >
ffiffiffiffiffiffiffiffiffiffiffi
nd=ne

p
, the neglect of Bier-

mann battery term in the induction equation is justified. Here

vAe ¼ B=
ffiffiffiffiffiffiffiffiffiffiffiffi
4 p qe

p
and vte ¼ kB Te=me.

The Hall diffusion, gH is proportional to the magnetic

field and is inversely proportional to the dust charge. When

the ion kinetic energy is negligible in comparison with the ion

thermal energy the charge on dust can be approximated as38

Z e � 4

p
a kB T

e
: (9)

Here a is the dust radius. We have assumed Te ¼ Ti ¼ T
while writing Eq. (9). Expectedly dust charge is proportional

to the plasma temperature. Using Eq. (9), we get

gH ¼ 6:5� 1015 B

a nd T
cm2 s�1 ; (10)

which implies that Hall diffusion increase with grain size as

gH / a2. In interstellar medium, extinction curve suggest

that dust number density scales with dust radius as39

ndðaÞ / a�3:5. In this case, gH / a2:5. This is not surprising

since larger is the dust, stronger is relative drift between the

plasma and dust. This will result in stronger Hall electric

field. On the other hand, with increasing temperature, Hall

effect diminishes since thermal mobility of the plasma par-

ticles will short circuit the Hall field. Thus, we see that

whereas Hall diffusion increases linearly with magnetic field,

its dependence of dust radius is quadratic. As a result, even

for an extremely weak magnetic field, strong Hall diffusion

can be induced in cold dusty plasma experiments.

One can investigate the dusty plasma dynamics with the

help of Eqs. (5)–(7) along with an equation of state.

III. THE DISPERSION RELATION

We shall assume an initial homogeneous state with an

azimuthal shear flow v ¼ v00 x y and an uniform vertical field,

B ¼ B z. To keep the analysis analytically transparent, we

shall further assume that the fluid is incompressible.

Linearising Eqs. (6) and (7) with perturbation of the

form expðr tþ i k zÞ, yields x and y components of the mo-

mentum equation becomes

dv

vA
¼ ik̂

r̂2

r̂ 0

a r̂

� �
dB

B
: (11)

The resulting x ; y components of the induction equation can

be written as

r̂ k̂2 ĝH

a� bk2 ĝH r̂

� �
dB

B
¼ ik

dv

vA
: (12)

In the above Eqs. (11) and (12), wavenumber k, frequency r,

and diffusivity g are normalised: k̂ ¼ k vA=jv00j, r̂ ¼ r=jv00j,
and ĝH ¼ gH jv00j=v2

A. Here vA ¼ B=
ffiffiffiffiffiffiffiffiffiffi
4 pq
p

is the Alfvén

speed and a ¼ �v00= jv00j � 61.

From Eqs. (11) and (12), one gets following dispersion

relation

r̂4 þ k̂
2ð2� a ĝH þ k̂

2
ĝH2Þ r̂2 þ k̂

4 ð1� a ĝHÞ ¼ 0 : (13)

We see from Eq. (7) that the magneto-vorticity fluxÐ
ðB̂ þ ĝHr� v=jv00jÞ � dS through arbitrary surface S in the

dusty fluid is conserved. Therefore, the necessary condition

for the instability reduces to the requirement of negative

magnetovorticity B̂ þ ĝHr� v=jv00j � 1� a ĝH < 0 . Since

ĝH can change sign depending on the direction of the local

vertical field with respect to the flow gradient, preceding

necessary condition can be easily satisfied for given flow

gradient.

In order to see how Hall effect assists shear flow in

destabilizing waves, we shall analyse Eq. (13) in both high

(k̂ � r̂) and low frequency (r̂ � k̂) limits. In k̂ � r̂ limit,

the whistler wave with frequency

xW ¼ k2 gH (14)

is the normal mode of the system. In the presence of shear,

the simplified dispersion relation in this limit becomes

r̂2 ¼ k̂
2
ĝH ða� k̂

2
ĝHÞ (15)

and the growth rate of the instability is

r̂ � bkĝ1=2
H � jv00jxW

� 	1=2
: (16)

We see that the growth rate is of the instability is the geomet-

ric mean of the whistler and shear frequencies. Clearly, the

Hall instability in k̂ � r̂ limit depends on both shear flow

gradient as well as whistler frequency in a dusty medium.

Therefore, unlike KHI which is hydrodynamic in nature, the

shear driven Hall instability is electromagnetic in nature.

In r̂ � k̂ limit, the dust cyclotron wave is the normal

mode of the fluid. In this limit, r� dE � 0, i.e., magnetic

advection solely balances diffusive drift of the field and sim-

plified dispersion relation becomes

1� ĝH ða� r̂2 ĝHÞ ¼ 0 : (17)
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The growth rate of the instability is

r � ðjv00jxcdÞ1=2 : (18)

Here xcd ¼ e B=Z md c is the dust cyclotron frequency. Thus,

Hall instability in the low frequency limit depends on both

the shear gradient and dust cyclotron frequency.

Clearly physical picture of Hall assisted shear instability

is quite simple. Shear flow causes the generation of dBy form

dBx and Hall effect creates dBx from dBy over either whistler

or dust cyclotron time, i.e., tW ¼ x�1
W or tH ¼ x�1

H , closing

the feedback loop.

In order to find the maximum growth rate of the instabil-

ity, we recast Eq. (13) in a k4 þ b k2 þ c ¼ 0 form and set

the discriminant to zero, i.e., b2 � 4a c ¼ 0. The maximum

growth rate of the instability becomes

r0 ¼
jv00j
2
: (19)

Note that the maximum growth rate is proportional only to

the shear gradient and is independent of the field strength.

The most unstable wavenumber k0 is

k̂0
2 ¼ � 1

2

1

2� a ĝH


 �
: (20)

We see from preceding equation that real k̂0 requires 2�
a ĝH < 0 which is more stringent than the necessary condition

1� a ĝH < 0 for the onset of instability. As a result, this condi-

tion cannot be always satisfied suggesting that in such cases, the

maximum growth rate occurs at infinity. Assuming a ¼ 1, in the

dimensional form, most unstable wavenumber can be written as

k2
0 ¼ �

1

2

ðv00Þ
2

2 v2
A � v00 gH

" #
: (21)

Using the expression for Hall diffusivity from Eq. (10),

the most unstable wavenumber can be written in terms of

dust radius a and ambient plasma temperature as

k2
0 ¼ �

1

2

nd a T ðv00Þ
2

2 nd a T v2
A � 6:5� 1015 v00 B

" #
: (22)

It is clear from Eq. (22) that when Hall diffusion is the domi-

nant term in the above equation, the maximum wavelength is

proportional to the dust radius k0 / a and inversely propor-

tional to the square root of plasma temperature. Thus, in low

temperature dusty plasmas, long wavelength fluctuations

will grow at maximum rate.

Once the shear flow becomes unstable, Kevin-

Helmholtz structure will also appear in the dusty fluid. The

most unstable wavelength of KHI is given by

k0 � 8 L ; (23)

where L is the vertical shear scale.30 Therefore, whereas

most unstable KHI wavelength is determined purely by the

shear scale, in the Hall driven shear instability, it is the role

of various plasma parameters that becomes important. This

is not surprising since KHI is hydrodynamic in nature where

present instability is magnetohydrodynamic.

The dispersion relation, Eq. (13) is solved numerically

for gH jv00j=v2
A � jv00j=xH ¼ 1 ; 5 and 10. We see from Fig. 1

that when gH jv00j=v2
A ¼ 1, for any k vA=jv00j& 1 the Hall insta-

bility grows at the maximum rate (� 0:5 jv00j). Thus, the short

wavelength fluctuations grow much faster than the long

wavelength fluctuations when gH jv00j=v2
A ¼ 1. However, with

increasing gH jv00j=v2
A, long wavelength fluctuation grows

faster than the short wavelength fluctuations. Why do long

and not short wavelength fluctuations grow at maximum rate

with the increasing diffusivity? Note that gH jv00j=v2
A ¼ 1

implies that xcd ¼ v00 and since fluctuation frequency

r � jv00j, the maximum growth rate of the fluctuations occur

when k vA& jv00j � xcd, i.e., when both Alfvén and whistler

waves are simultaneously excited. However, when

gH jv00j=v2
A 	 1, xcd � v00 ; the maximum growth rate occurs

when k vA � v00 � r. Recall that this corresponds to whistler

limit. Therefore, with the increasing diffusivity, the maxi-

mum growth of the instability occurs when the high fre-

quency whistler wave is the dominant mode in the system.

IV. DISCUSSION

It is quite likely that the magnetized dusty plasma

becomes turbulent due to Hall effect in the presence of shear.

To give a rough estimate of the energy that can be pumped by

the Hall effect, we shall note that the wave energy, Wwave �
dB2 and since the magnetic fluctuations grow as expðc tÞ, the

pumped energy in the system by this instability is

dWwave

dt
¼ 2 c Wwave ; (24)

which for the maximum growth rate c ¼ jv0
0j=2 becomes

dWwave

dt
� jv0

0j expðjv0
0j tÞ : (25)

Thus, for given velocity gradient, it is the shear scale that

determines how fast the shear energy can be used by the

magnetic fluctuations.

FIG. 1. The growth rate is shown against wave number for gH jv00j=v2
A

¼ 1 ; 5 ; and 10.
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Clearly, the generation of the low frequency waves in

dusty plasmas in the laboratory, in the presence of shear flow

can become unstable due to the relative drift between the

plasma and dust particles. The sign of the shear gradient and

the direction of the local vertical magnetic field determine

the onset condition. In the present work, we have assumed

that dust dynamics is important. However, even when dust is

immobile, the relative transverse drift relative to plasma par-

ticles will cause Hall field, and thus the condition for the

shear instability can be easily met. The relative drift between

the different plasma component and ensuing Hall field is cru-

cial to this instability.

The following is the itemized summary of the present

work.

1. Waves in the magnetized, collisional dusty plasma in the

presence of shear flow are likely to be unstable.

2. The presence of the shear flow gradient and vertical mag-

netic field is fundamental to this instability. In the low

and high frequency limits, this instability manifests itself

as dust-cyclotron and whistler instabilities.

3. The maximum growth rate of the instability is independ-

ent of the magnetic field and depends only on the absolute

value of the shear gradient. Only the wave spectrum

depends on the value of the ambient magnetic field.
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